While well established for larger gaps, Paschen's law (PL) fails to accurately predict breakdown for microscale gaps, where field emission becomes important. This deviation from PL is characterized by the absence of a minimum breakdown voltage as a function of the product of pressure and gap distance, which has been demonstrated analytically for microscale and smaller gaps with no secondary emission at atmospheric pressure [A. M. Loveless and A. L. Garner, IEEE Trans. Plasma Sci. 45, 574-583 (2017)]. We extend these previous results by deriving analytic expressions that incorporate the nonzero secondary emission coefficient, c SE , that are valid for gap distances larger than those at which quantum effects become important ($100 nm) while remaining below those at which streamers arise. We demonstrate the validity of this model by benchmarking to particle-in-cell simulations with c SE ¼ 0 and comparing numerical results to an experiment with argon, while additionally predicting a minimum voltage that was masked by fixing the gap pressure in previous analyses. Incorporating c SE demonstrates the smooth transition from field emission dominated breakdown to the classical PL once the combination of electric field, pressure, and gap distance satisfies the conventional criterion for the Townsend avalanche; however, such a condition generally requires supra-atmospheric pressures for breakdown at the microscale. Therefore, this study provides a single universal breakdown theory for any gas at any pressure dominated by field emission or Townsend avalanche to guide engineers in avoiding breakdown when designing microscale and larger devices, or inducing breakdown for generating microplasmas. Published by AIP Publishing. https://doi
I. INTRODUCTION
The trend of decreasing electronic device dimensions requires more robust methods for accurately predicting the breakdown voltage, V b . Correctly predicting V b for microelectromechanical systems (MEMS), such as pressure sensors, 1, 2 ensures that unwanted discharges will not destroy sensitive devices, while emerging research areas, such as microplasmas [3] [4] [5] and electric micropropulsion systems, 6, 7 require accurate V b predictions for optimal system design. New breakdown regimes motivate studies elucidating the underlying physical mechanisms occurring within a system. The classical Paschen law, 8 given by
where p is the gap pressure, d is the electrode gap distance, A p and B p are gas dependent constants, and c SE is the secondary electron emission coefficient, 9 has served as the standard for calculating V b since its initial derivation in the late 1800s. However, it fails when collisional effects do not dictate breakdown, such as at high pressures and large gap distances, where the electron avalanche causes a high space charge field that results in streamer formation, or at vacuum, where large electron avalanches cannot form due to insufficient gas density. 10 Boyle and Kisliuk experimentally observed that V b deviated from Paschen's law at gap distances smaller than $15 lm due to field emission, 11 which is when the higher electric field that occurs with decreasing gap distance reduces the potential barrier of the cathode enough for electrons to tunnel through and be released into the system. [10] [11] [12] Numerous other studies have since experimentally analyzed breakdown behavior for microscale gaps 10, [13] [14] [15] with various electrode configurations, pressures, and gases. Depending upon the gas and electrodes, some experiments showed that the breakdown voltage continued to decrease with reducing gap distance 16 while others showed an extended plateau. 13, [17] [18] [19] Numerous studies 10, 14, 15, [20] [21] [22] [23] [24] [25] [26] have modeled microscale breakdown either empirically or from first principles. Several recent derivations 10, 21, 22, 27 have started from the traditional condition for the Townsend avalanche, given by c SE exp ad ð Þ À 1 Â Ã ¼ 1; 21, 22 where a is the ionization coefficient in the gas, and incorporated ion-enhanced field emission as another current by recasting the secondary emission coefficient as c SE þ c SE 0 . This secondary contribution by ionenhanced field emission drives breakdown voltages below those predicted by Paschen's law for microscale gaps. These studies demonstrated that increasing the gap distance at a given pressure (usually atmospheric pressure) ultimately leads to the traditional condition for the Townsend avalanche. 21, 22 Alternatively, sufficiently large gap distances can lead to point discharges, or streamers, 28, 29 which the classical Paschen law also does not consider. Streamers occur when the product of the ionization coefficient, a, and the gap distance, d, exceeds Meek's criterion (ad % 18). 28, 29 We focus our attention here on field emission and Townsend avalanche and do not consider streamer formation in this study.
While these models for predicting microscale breakdown successfully capture the fundamental physics involved, they are generally solved numerically, which prohibits fully assessing critical limiting behavior, such as the implication of further reducing gap distance, or quantifying the transition from field emission dominated breakdown to Townsend avalanche and the classical Paschen law at the microscale. Such transitions become important physically when designing and constructing microscale systems in a practical or industrial environment where one may want to rapidly estimate breakdown conditions before performing more detailed computational analyses. These situations motivated us to nondimensionalize a breakdown equation derived and solved numerically 21 to perform matched asymptotic analyses that elucidated the limiting behavior for argon at atmospheric pressure, 20 and then provide a universal (true for any gas) curve of breakdown voltage as a function of gap distance for any gas at atmospheric pressure. 30 These analyses demonstrated the change in the relative dominance of field emission and Townsend avalanche at the microscale. 30 While useful, these analyses still did not provide a general, universal model that could be applied to any practical situation for classical length scales greater than the mean free path of an electron, which is on the order of 100 nm. 31 Moreover, while we analytically demonstrated the transition from field emission dominated behavior to where Townsend effects became more important, 30 limiting our analysis to atmospheric pressure prevented us from fully demonstrating the transition to the conventional Paschen law. This study serves to fill that gap by developing a single unified, universal model for breakdown of classical length scales from the ion-enhanced field emission dominated regime (Շ1 lm at atmospheric pressure 30 ) through the combined field emission and Townsend regime [$O(10 lm) at atmospheric pressure 30 ] to the point where we recover the classical Paschen law for any pressure. In the process, we will derive analytic expressions considering nonzero c SE that are universal for any gas that can readily be calculated for designing and assessing the behavior of systems ranging from the microscale at higher pressures ($atmospheric) to larger gaps at lower pressures, which are more characteristic of Paschen's law. Table I summarizes the similarities and differences between our previous analyses, which we have compared to approaches by other groups 20, 30 and the current study. One may also ultimately extend such a model to other electron emission and breakdown regimes, as shown schematically in Fig. 1 . Several studies have explored transitions between these mechanisms piecemeal, such as relating the Child-Langmuir (CL) law for space-charge limited flow at vacuum 32, 33 to the Mott-Gurney law for space-charge limited flow at general pressure 34 with a single model with increasing pressure. 35 Others have related the CL law to field emission with increasing voltage 9, 36, 37 and Townsend breakdown to the streamer theory at increasing pressures and gap distances. 38 Since the present study relates field emission to Townsend avalanche, one could envision a general framework that unifies all electron emission and breakdown regimes, as depicted in Fig. 1 .
Thus, this work unifies the microscale discharge models to the classical Paschen law for a single, unified theory for discharges driven by field emission and Townsend avalanche at classical length scales. We derive the necessary relationships and discuss the concept of the transitions between the regimes in Sec. II. Section III applies this model to various conditions, demonstrates the transition to the classical Paschen law, and compares numerical results to experimental data. We make concluding remarks in Sec. IV.
II. MODEL DERIVATION

A. Deriving the nondimensional breakdown voltage equation
Incorporating ion-enhanced field emission into the Fowler-Nordheim current density and the resulting increase of electric field due to positive space charge into Poisson's equation yields a breakdown condition given by
where E is the electric field required for breakdown,
is the drift velocity, 0 is the permittivity of free space, k is Boltzmann's constant, T g is the temperature of the gas, m is the mass of the gas, p is the pressure, r CE is the charge exchange cross section, c SE is the secondary 47 to determine the impact of ion-enhanced field emission on breakdown. Additionally, Phelps and Petrović assessed the effect of secondary electrons produced from the surface and gas phase. 46 Furthermore, Ref. 21 stated that, while backscattering could be incorporated, it is typically neglected because it only decreases current density by $5%. One may incorporate all of these physics in the model, but we currently focus on a simpler model to assess the transition from field emission to Townsend avalanche.
Numerically solving (2) for a specified pressure and gap distance yields the breakdown electric field. Analogous to previous work, 20, 30 we define dimensionless variables as
where E is the dimensionless electric field ($0.04), s is the dimensionless temperature ($0.03), p is the dimensionless pressure ($0.01), d is the dimensionless gap distance ($500), j FN is the dimensionless Fowler-Nordheim current ($10 -13 ), a is the dimensionless ionization coefficient ($0.01), and / is the dimensionless work function ($0.05) with the corresponding scaling terms given by
Note that the definitions differ from our previous analyses 20, 30 by completely pulling out all / and b terms to better quantify the impact of field emission. While the physical meaning of some scaling terms is obvious (e.g., pressure is scaled with the electric field and a material constant), we 39 , and the E/p and E/N ranges for which they are valid. The E/p range is from Ref. 39 and the E/N range is calculated from (3) considering room temperature. 40 Gas Table II for comparison. derived these parameters based on the mathematical forms of the equations. Table V shows the scaling parameters for the gases considered here.
Coupling (4) and (5) with (2) yields
which is a fully nondimensionalized breakdown condition valid for all gases and pressures. Numerically solving (6) for E and applying V ¼ Ed yields the dimensionless breakdown voltage for a given pressure and gap distance. Figure 2 shows the numerical solution of V as a function of p for various gap distances for argon, nitrogen, neon, and xenon. We selected the gap distances ($100 nm to $30 lm) and pressures ($1 Torr to $5000 Torr) to avoid quantum effects at smaller gaps 10, 48, 49 and streamer effects at larger gaps 28, 29 to ensure that field emission and Townsend effects drive breakdown. The average percent difference in V between all gases is $1.6%, which indicates that (5) is a universal equation for dimensionless breakdown voltage without any material dependence. This universality permits us to only consider the specific results of argon for the remainder of our analysis without loss of generality.
As previously mentioned, we consider b ¼ 55. However, the value of b is generally unknown a priori, and is commonly used as a fitting parameter, which introduces some degree of uncertainty. Bilici et al. have experimentally determined breakdown voltage as a function of gap distance for argon at atmospheric pressure, showing the spread of the breakdown voltage. 17 By nondimensionalizing this data, we can use (6) to numerically determine the b values that give the maximum and minimum breakdown voltage for each gap distance, and determine the associated standard deviations. Figure 3 shows the standard deviation of the dimensionless breakdown voltage, r V , and the field enhancement factor, r b , as a function of dimensionless gap distance, d, for gap distances ranging from 1 to 20 lm. Figure 3 demonstrates that at small gap distances, the spread of the data (and, subsequently, the discrepancy in b values) is relatively small, and increases with increasing gap distance. Interestingly, the variation of b is the smallest at the gap distances corresponding to the largest contribution of field emission. 30 
B. Matched asymptotic derivation with c SE
While our previous work 20, 30 derived analytic equations based on pd ( 1 or pd ) 1, we focus here on whether TABLE V. Calculated scaling parameters from (5) for argon, nitrogen, neon, and xenon. 6 . The average percent difference in V between each of the gases is $1.6%, demonstrating the universality of (6).
ad ( 1 or ad ) 1 because varying both pressure and distance across a wide range of values will influence E, which affects a: Considering pd ( 1 or pd ) 1 was sufficient at atmospheric pressure 20, 30 because the behavior of ad matched pd (i.e., increasing gap distance increased both ad and pd) for the range of gap distances examined. However, this same trend does not hold once we vary pressure. ) suggest, but it is more difficult to definitively state that they show] that there exists a critical pressure, p c , above which V begins to increase for a given gap distance. Figure 4 shows both ad and p=E as functions of p for various gap distances. At p ¼ p c ; p=E % O 1 ð Þ: For p < p c ; ad increases with increasing p as in our previous microscale studies; 20, 30 however, for p > p c ; ad decreases with increasing p while pd continues to increase. Thus, we must consider ad instead of pd when generalizing the model for both pressure and gap distance.
Since both a and d scale with L, ad ¼ ad, which is simply the product of the ionization coefficient and gap distance, ad ( 1 corresponds to the region where few ionizing collisions occur (i.e., where field emission dominates) and ad ) 1 corresponds to the region where many ionizing collisions occur (i.e., where Townsend processes dominate). To the right of the minimum, the transition to fully Townsenddriven breakdown begins, meaning Paschen's law governs breakdown.
To derive analytic solutions, we first note that E ( 1 for all gap distances and pressures considered here, which we observe from numerical solutions of (6) 
where
and K As p increases, ad increases until p=E % 1, at which point ad decreases.
113522-
and
We chose the roots of the quadratic equations for (7) and (9) such that V > 0: Appendix A provides detailed derivations of (7) through (10).
C. Transition to the classical Paschen law
A major difference between the analytic equations derived in (7)- (10) and those we derived previously 20, 30 is that we include c SE . This allows us to assess the impact of c SE on the breakdown voltage and ultimately link our analyses to the classical Paschen law, which depends upon c SE [cf. À7 and p տ 10 À6 , respectively. Equation (6) shows that sufficiently large ad and c SE will ultimately lead to
When this point is reached, we cannot obtain a numerical solution for V in (6) because it will either be zero or negative (thus, nonphysical). Therefore, Townsend effects completely drive breakdown, and field emission effects are negligible. We can rearrange (6) as
to highlight the relevant term. Once the transition to fully Townsend-driven breakdown has occurred, the right-hand side of (11) is %0 (or, at the very least, (1), leading to 1
and solving for V yields
which is a dimensionless, universal form of Paschen's law from (1). Thus, we can recover the classical Paschen law from the coupled field emission-Townsend breakdown condition shown in (6) under appropriate conditions and, therefore, link field emission and Paschen's law by a series of analytic expressions across classical length scales from the electron mean free path until Meek's criterion to remain outside of the streamer discharge regime. Section III explores this transition in more detail, showing specific examples. , with c SE ¼ 1 Â 10 À3 or c SE ¼ 1 Â 10 À2 to display the agreement between the numerical solution of (6), the analytic solutions of (7) and (9), and the universal Paschen law of (12) . Figure 6 shows that as we increase the gap distance and c SE , (12) agrees better with the numerical solution of (6). Additionally, (7) deviates from (6) as ad increases (i.e., leading up to the minimum). Conversely, (9) agrees better with (6) as ad increases. Both of these trends are expected since (7) assumed ad ( 1 and (9) assumed ad ) 1. Furthermore, the disagreement of both (7) and (9) with (6) as d and c SE increase is expected, since that is the point where the system is transitioning to the classical Paschen law, leading to a better agreement of (12) with (6) in this region. Analogous to previous work, 30 we can define
Þ to quantify the field emission and Townsend contributions, respectively. Figure 7 shows l and as functions of p for various d and c SE and demonstrates the transition from field emission to Townsend avalanche as d and p increase. Furthermore, the absence of solutions for when c SE ¼ 0:1 at the larger pressures and gap distances [for example, the last point in Fig. 7(b) ] indicates the transition to the classical Paschen law. Figure 8 shows V as a function of p for various d, comparing the numerical results from (6) with the analytic results from (7) and (9), and particle-in-cell (PIC) simulations using the one-dimensional in space and three-dimensional in velocity (1D-3V) code XPDP1, 50 which has been extended to include field emission. 27, 51 The average percent difference between (6) and XPDP1 simulations is $10%, with better agreement generally occurring at lower pressures. Figure 9 shows the percent differences between (7) and (9) compared to (6).
Figures 9(c) and 9(d) clearly demonstrate [and Figs. 9(a) and 9(b) suggest] that the percent difference between (7) and (6) increases with increasing pressure. In other words, V calculated with (7) increasingly deviates from V determined from (6) . Conversely, the accuracy of V predicted from (9) increases with increasing p. Figures 8(c) and 8(d) show that V reaches a minimum at p % 3 Â 10 À6 . This occurs because (7) and (9) assumed ad ( 1 and ad ) 1, respectively, and ad increases with increasing p until the minimum breakdown voltage is reached, at which point ad reaches a maximum and begins to decrease, as demonstrated in Fig. 3 . We more clearly demonstrate this by calculating V with (6), (7), and (9) for p > p c : Figure 10 shows that the agreement between (6) and (7) improves for p > p c while (6) and (9) increasingly disagree. Specifically, the agreement between (6) and (7) decreases as ad increases, and then increases past the minimum breakdown voltage [for which ad % Oð10Þ], when ad begins to decrease again. Conversely, the agreement between (6) and (9) increases as ad increases up to the minimum breakdown voltage, and then decreases as ad begins to decrease. The secondary vertical axis shows that ad reaches its peak at p % p c and quickly decreases below one for p > p c : It is important to note that the largest pressure considered here is nonphysical ($1000 atm), but we extend up to this value to demonstrate the effectiveness of the ad analytic solutions and the matched asymptotic behavior. The matched asymptotic behavior is demonstrated by the agreement of the analytic solutions with the numerical solution in their appropriate regimes [i.e., (7) agreeing with (6) when ad ( 1 and (9) 
B. Derivation of the minimum breakdown voltage
As mentioned previously, a critical pressure, p c , exists that corresponds to the minimum breakdown voltage for a given gap distance. Initially, we numerically solve (6) at different pressures for a specific d and c SE to iteratively determine p c . Once we have this solution for comparison, we can solve for p c by setting dV =dp ¼ 0; (13) and using (7) for V . This derivative allows us to numerically solve for p c predicted by the analytic equation for V given in (7) . Next, using relevant series expansions as shown in detail in Appendix B, we derive an analytic equation for p c using (7) for V as
where X ¼ ln s=d
It is important to note that, even though c SE was included in the equation for V , no c SE dependence arises in (14) as the influence was (6), the analytic solution of (7) with ad ( 1, the analytic solution of (9) with ad ) 1, and XPDP1 simulations at dimensionless gap distances, d, of negligible. We do not derive an analytic equation for p c using (9) (when ad ) 1) for V because, in this regime, the transition to Paschen's law occurs. Thus, for ad ) 1, we must use (12) for V . Solving (13) using (12) for V yields an analytic equation for the critical pressure in the Paschen regime given by Figure 11 compares p c as a function of d obtained from the numerical solution of (6), the numerical solution of (13) using (7) for V , and the analytic solutions of (14) and (15) as a function of d for different c SE . Figure 11(a) shows that the numerical solution of (13) and the analytic solution of (14) agree fairly well with the numerical results of (6) at small d, and then deviate as d increases [as expected, since (13) and (14) are based on ad ( 1] . Similarly, Figs. 11(b)-11(d) show that the numerical solution of (13) and the analytic solution of (14) agree at small d and deviate as both d and c SE increase. While Figs. 11(b)-11(d) show (15) increasing in agreement with (6) as d and c SE increase, the inability to obtain numerical solutions at the largest d and c SE combinations (due to the transition to the classical Paschen law previously discussed) prevents a comparison of the accuracy of (15) 6 with c SE ¼ 0. The pressure range is extended beyond that considered in Fig. 6 to clearly show the matched asymptotic behavior of (7) and (9) . determine the accuracy of (15) in the Paschen regime, where (6) is unable to provide results.
C. Comparison to experiment
In addition to comparing our results to simulation, we can use b as a fitting parameter and compare to experimental results. Here, we consider experimental results for argon at gap distances of 5 lm, 10 lm, 40 lm, and 500 lm using platinum electrodes / ¼ 6:35 eV ð Þ : 52 Figure 12 compares the numerical solution from (6) (6), the numerical solution of (13) using (7) for V , the analytic solution for ad ( 1 given by (14) , and the analytic solution for the Paschen regime given by (15) for c SE of (a) (6), and the analytic solution of (12) with c SE ¼ 0:001 for gap distances of (a) 5 lm, (b) 10 lm, (c) 40 lm, and (d) 500 lm. The field enhancement factor, b, is used as a fitting parameter, and the values selected are displayed on the secondary vertical axes.
IV. CONCLUSION
This study derived universal, analytic equations for breakdown voltage coupling field emission and Townsend effects generalized for both pressure, gas, and secondary emission. These equations clearly demonstrated the transition from the field emission dominated region, across the coupled field emission-Townsend regime, to the classical Paschen law. Thus, we have derived a dimensionless, universal form of Paschen's law across classical length scales ranging from the mean free path of an electron to the transition to the streamer discharge given by the Meek's criterion. We showed that (7) agrees with (6) at small ad, (9) agrees well with (6) at large ad, and (12) agrees well at large values of p, d, and c SE .
Due to the difficulty of calculating c SE and the computational expense involved in running particle-in-cell simulations for c SE 6 ¼ 0, we assumed c SE ¼ 0 and showed that the numerical solution of (6) with c SE ¼ 0 agrees well with particle-in-cell simulations, and (7) and (9) agree with (6) in their respective limits. Additionally, we presented analytic expressions for the modified Paschen minimum including field emission, showing that (14) agrees with the numerical results at small ad, where we are closer to the microscale gap size characteristic of the deviation from Paschen's law, 12 and (15) agrees with numerical results at large pd, where the pressure and gap distance places one in the classical Paschen regime. However, more analysis is required to assess the accuracy of (15) at sufficiently large d and c SE when the numerical results cannot be determined. Finally, we compared the numerical results of (6) to experimental data, showing an excellent agreement with a variety of gap distances and pressures when using b as a fitting parameter.
While the current study develops universal equations independent of material properties, experimentalists will ultimately substitute material properties to assess their experimental data. This leads to challenges that remain to be overcome. For instance, the field enhancement factor, b, plays a critical role in predicting experimental results for microscale gaps due to the dominance of field emission; however, accurately determining b a priori can be difficult as it depends upon both the geometry and space-charge, [53] [54] [55] which will often depend upon the surface roughness of the electrodes. Experimental, theoretical, and simulation studies assessing the impact of surface roughness on these parameters may provide bounds that guide experimentalists in predicting the breakdown voltage, which becomes even more critical at smaller gap distances. Even the work function, /, which is typically assumed constant in field emission calculations, has been noted to vary with surface roughness, 56 which could motivate future studies in benchmarking potential variations. The secondary emission coefficient is the most critical parameter as one increases the gap distance toward the classical Paschen law regime, and it can vary with the ratio between the electric field and pressure for various gases, and can also depend upon the surface. 46, 57 Ultimately applying the model derived here across all gap distances and conditions will require elucidating the impacts of surface effects, which may require molecular dynamics simulations, 58 to create a reasonable bound for breakdown voltage as a function of pressure, gap distance, and secondary emission characteristics. Reference 59 assessed the effect of surface roughness on the breakdown voltage in mixtures of nitrogen and SF 6 gas for large gaps and found that adding nitrogen to SF 6 reduces the effects of surface roughness on breakdown. 59 Additionally, Ursu et al., used electron microscopy to analyze the change in the breakdown threshold after applying laser irradiation to a metallic surface and determined that defects produced by the irradiation lowered vaporization threshold, which could lower the breakdown voltage of a nearby gas. 60 A study assessing the impact of surface polishing on flashover properties in alumina ceramics demonstrated that surface breakdown depended on the abrasiveness of the polishing material and direction of polishing sequence (coarse to fine or fine to coarse). 61 While these studies provide valuable information about how surface properties can impact the breakdown voltage, a comprehensive study directly quantifying these relationships (e.g., how a discharge changes work function and how different sizes and shapes of surface features effect breakdown) is still needed to eliminate the need for a fitting parameter in the present model. Furthermore, a detailed analysis quantifying the impact of uncertainties and variation in the parameters will provide insight into the bounds of the predictions for application to system design. The model presented here provides a framework for beginning such work and ultimately provides a way to develop first order predictions for a system parameter design that would ultimately require confirmation with simulation and experiment.
Finally, the ultimate goal is to incorporate additional breakdown and emission mechanisms as outlined in Fig. 1 , such as streamers, nanoscale effects, and space-charge effects. While the present study focused on specifically coupling field emission to Townsend breakdown, the overall goal is to develop a unified breakdown equation incorporating all breakdown mechanisms and clearly show the transition to each. In this appendix, we derive analytic solutions for dimensionless breakdown voltage, V , for ad ( 1 and ad ) 1, given by (7)- (10) .
To obtain an analytic solution for V , we start with the numerical equation, given by
Taking the natural log of both sides yields
Since E ( 1, x 0 % 1, and
, we can further simplify the right-hand side of (A2) to obtain
Deriving an analytic solution requires simplifying ln 
provided we select K such that KE % 1. We set
We next consider ln 1 À c SE exp ad ð Þ À 1 Â Ã n o ; which depends on whether ad ( 1 or ad ) 1: Considering ad ( 1 (which also means that p=E ( 1), yields
Considering ad ) 1 (which makes p=E % 1), gives
The final term we must simplify is ln exp ad
and for ad ) 1, we obtain
Thus, if ad ( 1, we can use (A4), (A5), and (A7) to rewrite (A3) as
Multiplying both sides by E, and moving everything to the left-hand side gives
Finally, by defining
we can solve (A10) for E and apply V ¼ Ed to obtain
Similarly, if ad ) 1, we can use (A6) and (A8) to rewrite (A3) as
Multiplying by E and moving everything to the left-hand side gives
allows us to solve (A14) to obtain This appendix details the derivation of our analytic solution for the modified Paschen minimum. Deriving an analytic solution for p c requires taking the derivative of (7) with respect to p, and setting it equal to zero. Since the resulting equation equals zero, we can just consider the numerator and write 
Then, since D 1 j ) 1 j , we use the binomial theorem to expand the radical, resulting in
Next, since
( 1; we can rewrite (B3) as
Distributing terms and looking at the relative orders-ofmagnitudes of the terms in (B4) allows us to only consider the dominant terms, given by
Multiplying by D 
Solving (B6) for p c requires further assessment of D 1 , which depends on pressure. Rearranging D 1 gives
To simplify the lnðp 3=2 Þ term, we define lnðp 3=2 Þ ¼ ln vp
3=2
Â Ã
Àln½v, where we choose v to make p 3=2 v % 1 so that we can take the series expansion of lnðp 3=2 vÞ and only consider the first order term. For ad ( 1, v % 2 Â 10 7 . This allows us to rewrite D 1 as
From here, we can define X ¼ ln s=d
Àln b/ 1=2 À / À1=2 À ln d ð Þ þ ln v ð Þ , and rewrite (B8) as D 1 ¼ X À c SE pd À vp 3=2 , which we can insert into (B6) and consider the dominant terms to obtain
